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Abstract. We study the relationship between finite volume and mixed finite
element methods for the the hyperbolic conservation laws, and the closely
related convection-diffusion equations. A general framework is proposed for
the derivation and a functional framework is developed which could allow
the analysis of relating finite volume (FV) schemes. We show via two non-
standard formulations, that numerous FV schemes, including centred, up-
wind, Lax-Friedrichs, Roe, Engquist-Osher, the central Nessyahu-Tadmor
schemes, etc., can be recovered in the unique dual mixed and hybrid (DMH)
finite element framework. That makes possible a better understanding of
these FV schemes. Moreover, the large number of DMH finite element re-
sults available can then give the analysis of these FV methods in a unified
fashion. Furthermore, stabilized methods are proposed. In particular, inter-
pretation in terms of the Lagrange multiplier of flux-limiter is given.

We end by presenting numerical results to validate the newly proposed
stabilized schemes.

1 Introduction

Mixed formulations for performing finite element approximations of partial
differential equations are appealing from a theoretical point of view, since
a standard framework and large number of results are available for carrying
out their analysis.
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In other respects, mixed finite element methods have been proved effec-
tive for a number of engineering problems. They provide good and efficient
approximations to stress variables, have the capability of dealing with rough
coefficients, and are the natural choice for equations coupling velocity and
pressure or stress and displacement variables. Nevertheless, a popular and
more appropriate method for discretization of conservation laws is still the
FV method, used extensively in computational fluid dynamics (CFD), ba-
sed on piecewise constant approximation of the solution. The FV method is
widely used in applications because of its great ability in handling the con-
vective terms in particular; it also insures the local conservation of physical
quantities. However, the FV method has problems with the approximation
of diffusion terms; the analysis and the extension to the multidimensional
setting are not standardized, and these schemes are sensitive to the trian-
gulation of the domain (convergence problems on elements with arbitrarily
large aspect ratios, so-called anisotropic finite element meshes).

Furthermore, for the diffusion problem, the relationship between mixed
finite element methods and finite volume was established among others by
Farhloul and Fortin [23] (rectangular case), and Baranger et al. [ 7] (triangular
case). This paper extends this connection, presenting a general framework
for the derivation and a functional framework for the analysis of finite vo-
lume schemes, applied to the discretization of general conservation laws.
The procedure is based on a dual mixed and hybrid (DMH) finite element
formulation, and its connection with the FV method for nonlinear hyperbolic
conservation laws,

du of(u)
ot ax

and the closely related convection-diffusion equations,

ou af (u) . 9%u

0, )

a =y, 2

ot 0x 9x2 @
with given data u(x,0) = uo(x) and corresponding suitable boundary
conditions. Here u := u(x, t) is a conserved quantity, f (u) is a convective

flux, and % is a dissipation flux.

These equations are of great practical importance since they arise in
fluid flows, reactive flows, groundwater flows, non-Newtonian flows, traffic
flows, two-phase flows in oil reservoirs, etc. They also govern a variety of
physical phenomena that appear in aeronautics, astrophysics, meteorology,
semiconductors, financial modelling, front propagation, and other areas.

The numerical solution of the advective-diffusive transport equation is
a problem of great importance because many problems in science and en-
gineering involve such mathematical models. When the process is advection
dominated, the problem is especially difficult.
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On the other hand, the discrete conservation of a numerical algorithm for
(1) or (2) is important in order to keep the correct location of the discontinui-
ties. Hou and LeFloch in [36] have shown that, if a nonconservative scheme
for (1.1) converges, it converges to a solution of d;u + 9, f (1) = u, where
w is a Borel measure source term that is expected to be zero in the region
where the solution # is smooth and concentrated where u is not smooth.
Then the schemes insuring the local conservation are in order.

To achieve this, a mixed method is considered for this work because it
conserves mass on a cell-by-cell basis. Next, the convective and diffusion
fluxes are introduced as auxiliary variables, and Lagrange multipliers are
used to impose interelement continuity.

In this first paper, we start with the one-dimensional problem and extract
the principal properties of the approach, and we explain how some of the
classical volume schemes can be derived in a simple and systematic manner.
The extension of the methods to multidimensional hyperbolic and the related
convection-diffusion equations, and also to the Navier-Stokes equations, will
be the subject of other papers.

This paper is organized as follows. We start in the next section with the
one-dimensional problem. In Sect. 2.1, first, we introduce the convective
and diffusion fluxes as auxiliary variables in each cell. Second, we relax
the continuity of the fluxes across the interelement via two Lagrange multi-
pliers, to obtain the abstract dual mixed and hybrid (DMH1) formulation. In
Sect. 2.2, we extend the above approach; this yields the DMH?2 formulation.
The finite element discretization of the two methods and a few remarks are
given in Sect. 3. In Sect. 4, we show how to obtain finite volume schemes
from DMH finite element methods. Stabilized methods are reported in Sect.
5 because we are concerned with the numerical approximation of the solu-
tions of convection-diffusion problems in which the convection or transport
dominates the diffusion. The first combines the upwind feature without the
complicated and costly resolution of Riemann problems. The last utilizes
the limiter-flux strategy.

In Sect.6, we discuss how we can establish the extension of the (DMH?2)
method to both convection-diffusion equations and systems of equations. We
end by presenting numerical results to validate the newly proposed schemes.

2 Dual mixed and hybrid finite element methods
2.1 Formulation 1

We begin this section by considering the simple one-dimensional model to
extract the fundamental points.

Throughout the paper, for a bounded interval I = (a, b) of R, we set
Ir = I x (0,T], with T > 0 denoting the final time; let L>(/) and
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H'(I) (H'(I) C C(I)) be the usual Lebesgue space and Sobolev space,
respectively.

We next consider the initial-boundary value problem:
find 4 : It — R such that

u_u W) _

0 in I,
ot axe ax moar 3)

u(x,0) = ug(x) in I,

with corresponding suitable boundary conditions.
If we introduce the dissipation and the convective fluxes as new unkno-
wns, then problem (3) can be formulated as

ou ap ap

— = =0 in Iy,
ot Vax T ax meor
ou .
= — in 1,

ox
p = fu) in 1,

with given initial data u(x, 0) = uy(x), and corresponding suitable bound-
ary conditions.

In order to describe our formulation of the above problem, we start
by introducing more notation. Consider an arbitrary partition of / into N

subintervals I; = {x € I | x; < x < x;41} of length h; = x;41 — x;
withi =0, 1,..., N. We also consider a time step Az and define the times
t" =nAt,forn=1,2,...,M; by At, we mean At = w Moreover, we

also need the spaces:
My = {w:{xo,x1,... . xn01) > R},
My = {neM| o= pyne =0},
M, = L*(I)

and
X ={qel’),ql, e H'U)}.

The hybridization of the mixed formulation can be obtained by relaxing
the continuity of p and p across interelement boundaries, with Lagrange
multipliers A and A respectively:

+ Y (Mg — Mig(xh) YgeX,
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and

> [ padr =3 [ Fargax
i Ui i Y
+ ) (g — higxh)) VgeX,

for 0 <i < N, and where

1 t"+l tn+1
U= — udt, fu) = — f(u)dt,

At S At Jpn

and g (x;7) are the left and right traces of ¢ at x; (q (xii) =lim,_,oq(x; =
e)). We then obtain the conservation of diffusion and convective fluxes in
each cell. This completes the construction of our formulation. Moreover,
note that A could be interpreted as a trace of u in each subinterval I; of
1. Further, we will demonstrate the capital importance of the Lagrange
multiplier A in the numerical scheme.

Finally, let " := u(., t"); after the time discretization, the DMHI1 for-
mulation for (3) reads as follows.

Foreachn =0, 1,... , M—1,find (u"*!, (1, %)) € My x M3, and (p, p) €
X2 such that:

un+1 —u" dp
—vdx — [, —uvd
Z/;, A vdx vzlfll_ dxv x
a5
+Z/1.£vdx:0’ Yve M,

Z/I pqdx = / —dx + Z Ait1q(x;4y)

—KCI(X ) VqEX,
1 “)

Z/Iﬁqu = Zf7<u>qu+2(ii+lq<x;]>

—k,q(x )) VgeX,

i

Y () —pe N =0 Vu €M,

D BEH =N =0 Yu e M,

for0 <i < N, with given data u(x, O)A = uo (x) and corresponding suitable
boundary conditions, A; = A(x;) and A; = A(x;).
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This may look like a complicated way of discritizing a simple problem.
We shall see that it enables us to interpret some standard schemes, in parti-
cular flux limiter schemes, in terms of mixed methods.

2.2 Formulation 2

In order to extend the above approach, and to introduce the fundamental
concepts of the proposed methodology, we restrain ourselves to transport
equations. In Sect. 6, we discuss the extension of this approach to convection-
diffusion equations and systems of equations. With this aim, we first intro-
duce the hyperbolic conservation law with convex flux:

du  I(fw)

P + ™ =0 Vxe Rx(0,+00), )

up(x) = u(x,0) Vxe R.

Problem (5) may have discontinuous solutions (shocks) depending on the
initial data u(. Consider functions defined in a region €2 (space-time space),
which may have jump discontinuities across an internal boundary X. In
the finite element methods, X could be the union of all the inter-element
boundaries in the space-time space (¥ = UX;). If we can determine the
trajectory X of a shock x(t), then the shock solution is defined as

ul(x,t) if x <x(@),

u(x,t) =

ulx,t) if x> x@).
Shock solutions can be defined as weak solutions in the sense of distributions
(Smoller [66]). It can be shown that the shock x () must satisfy the Rankine-
Hugoniot jump condition (RH),

Vx
——[ul = [f@W)]. (6)

Vi
Here v is normal to the shock, it has components v, = — ‘é—’[‘ (for convenience
v, is oriented from left to right), v, = 1,and s = ‘;—’t‘ is the shock speed.

The square brackets stand for the jumps across X, [u] = u(x(t)*, t) —
u(x(t)*, N (Ifw] = fux@®t, 0) — fux@)",1))),ie., the limit on
the positive side minus the limit on the negative side.

First, we start by assuming in our approach that the solution has discon-
tinuities at each boundary of every /;. Therefore, we have, in the usual sense
in Q\ (UX;), the equation:

ou  9(p)
ot + ox
ug(x) = u(x,0) Vxe I,

=0 Vxe I x(0,+00),
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where we again set p = f(u) in each I;. Next, on X;, we have the jump
formula (6).

Then, we suggest that the jump condition should be imposed on the
numerical flux through element interfaces. This follows from the fact that, in
the special case where u(x;, ) and u (x;r , t) are connected by a single shock
wave or contact discontinuity, the RH condition is satisfied for u(x; , t) and
u(x;r , t) for some speed s (the speed of the shock or contact).

As a second ingredient in the construction, this jump condition is en-
forced in a weak form by a Lagrange multiplier technique. In fact, if we
restrict to right-going propagation, and for a given approximation of the
local propagation speeds a; (a; > 0) at the cell boundaries x; (for left-going
propagation we take a; < 0), we have

() = )= a @ —u)p Yu eMy (7)
We again denote by p(x;7) (resp.u;")) the corresponding left and right traces
of p (resp. u) at x;; here a; also stands for a viscosity distribution, and each
choice of a; corresponds to a different scheme. Furthermore, as we shall see
in Sect. 4, for appropriate choices of this parameter we can recover many

standard finite volume schemes. Of course, the choice of a; has a strong
impact on the accuracy and the stability of the scheme.

Note that the condition (7) reduces to
Z (p(x) — p(x7))w =0 Vpu € My, (the last equation of (4))
i
in the case where a; = 0 or if the function u is continuous at nodes Xx;.
Henceforward, we consider that x; and x;;, are the upstream and the

downstream of /; respectively. Then we define our dual mixed and hybrid
finite element method (DMH?2) for (5) as follows.

Foreachn = 0,1,... ,M — 1, find @"t',1) € M; x M5, and p € X
such that:

Zf vdx+Z/—vdx—0 Yve M,
Z/Iﬁqu = /f(u)qu‘i‘z )»i+1q(xl._+l)

—qu(x ") VYgqeX,
Y () — paD)) = Y @@ —u)p Vu €My,
for0 <i < N.Inaddition, Eq. (7) can be regarded as the Rankine-Hugoniot
jump condition at x;.

®)
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3 Spatial discretization

In this section, we describe how to derive discrete formulations of the method
suggested above.

3.1 Scheme 1

Since we seek a solution u in L>(I), p and p in X and (A, i) in Mi,_the
choice of functional discrete spaces is My, C My, X;, C X and My, C M»,
with the spaces defined as

My, = {vn € L*(D); vl €Poi). 0<i < N},
Xh = {qh € X; th(Xi,Xi+1) € IP)1(11')’ 0 Sl = N},
My = {p:{x0, x1,..., xn41} > R},

where [P (1;) denotes the space of all polynomials of degree k(k € {0, 1})

over the interval /;, and M, is the global space for the interface unknowns,
. N+1

where functions are defined only at the nodes {x,~ }i=J(r) .

Using basic algebraic manipulations, we define the contribution of each

element within the fully discrete variational formulation:

utt — oy d dp
/ uvhdx — v ﬂvhdx + / phvhdx =0 Vv, e My,
I; d I; dx

_dq _
pugndx = — | w——dx + (inign(x,) — Mgn(xH)) Vau € Xy,
: dx

f Brandx = | Fp) qndx + (hivi n(x) — hign(x))  Vau € Xa,
1,' 1[
)

for 0 < i < N and with continuity equations of diffusion and convective
fluxes. We have then the following expression of pj, in I;:

vt — A Ot — 2l + A
ph(x) — -Hh. + 6( +1 h2+l/2 )(X _ xi+1)’
t i

and the expression of the numerical convective flux p; in I;:

A —- 5"1'4-1 - ii A 1
pr(x) = fuiz12) + 7 + 6 2 (x —xi+%),

1
where u; 12 = up(Xiy172) and x; 112 = 5(x; + Xi41).
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Thanks to the expressions of diffusion p; and convective p;, fluxes and
continuity equations of p;, and of p,, we obtain the scheme:
+1 _ 2 A
Wil = Wi _ 6U)\i+1 —2Uip12 + A + 6()~i+1 + A)
At h; h}

and the continuity equations of p;, and p, at node x; are given by

Oa

>

2 Aic1 + 4 + 4 A+ ZA ° + Su
T M- P A A = UG- T Ui )
o7 N ST T T

~ 4 4\ A 2 A _ _
Aict + | — + — A + —Aig1 = fuigv12) — fuiziy2)

2
hi i h; h;

foreach n=0,1,... M—1, and 0<i <N.

The last two equations express continuity of the fluxes p, and pj, at the
interfaces of the cells.
Some remarks are in order.

— Note that since the solution is completely discontinuous, we can eliminate
it element by element.

— The present scheme is an implicit, centered and second-order scheme.

— The consistency and conservativity of the scheme are evident.

Remark 1 If we want to obtain the upwind scheme, we have to impose the
continuity of the convective flux only on the upstream boundary x; of each
interval I; (we always assume that we have a right-going wave). For this
purpose we use

C((pAh,)A\);CIh) L= /ﬁhqhdx

I;

- / T qndx + hugn(xh) = 0 Vg € X,
I;

As above, we get the following upwind scheme:

e equation of conservation of the system (9):

+1 _ A
Uilin — Uitip _ 6v)»i+1 —2uit12 + A Ai
At h} h?

e continuity equation of the convective flux at x;:

2 4 4 . — _
—Aict + A = fUivi2) — fWUiz12).
hi— h;
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It is evident that the continuity equation of diffusion flux stays unchanged.
Note also that the approximation of p depends only on i (we have dropped
the parameter )AL,»H, insuring the continuity of the convective flux at the
downstream boundary x;;; of I;). For a generalization of this formulation
one can see Serghini Mounim [64].

3.2 Scheme 2

In order to construct the approximation of our DMH2 formulation, we keep
the above choice of discrete functional spaces M1, My, and X,. Starting
from (8), and after a few basic calculations, we obtain the following scheme:
n+1 A o
Wil = Uiip (Aig1 + Ap)
+6 5 =
At h

1

2 . 4 4\ 4 2 A _ _
— A+ | — + = A + —Aip = [ — fwiz12)
hi-y h;

0,

—ai(Wig12 — Ui—1/2)

foreach n=0,1,..., M—1, and 0<i <N.

Observe that the last equation expresses the RH condition of p at the bo-
undary x;, and the expression for p, in I; is given as

A

Ml — A + 65»i+1 + i

hi h?

Pr(x) = fluivip) + (x = xp4 1)

Note, also, that, since the solution is completely discontinuous, we can
eliminate it, element by element and, hence, reduce the number of degrees
of freedom.

4 Relationship with finite volume methods

In this section, we show how to obtain finite volume schemes from the mixed
and hybrid finite element methods DMH1 and DMH2.

4.1 DMHI

To this end, we use the trapezoidal quadrature formula to approximate the

terms / lilydx, j,k € {i,i + 1} (coefficients of the local mass matrix, /;
I;
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are the standard hat functions). This beneficially uncouples the equations as
we shall see. We first recall the equations of the numerical scheme:

utt — oy d dp
/ uvhd)c — v/ ﬂvhdx + / phvhdx =0 Vv, e My,
I At I; dx I; dx

_ dqy _
/Ph%dx = —/ rm dx + (Aip1gn(x5y) — Mign(x1))  Yau € X,
I; I;

/ Prandx = | f(up)qndx + ()Aw+1 qn(x; 1) — ii‘]h(x?_)) Yan € X
I; I;

To these equations we have to add the continuity conditions of fluxes p;, and
P Using the trapezoidal quadrature formula and some algebra, we obtain:

u'."H — u? Aoy — QU A }; i
i+1/2 it12 5 At Mz;]/z + A n 2( i+1 ;i- i) — 0.
At h; h;
and continuity of p;, and p; at the node x; is given by
1 L 1 N 1 _ 4 1_
T A= T Ui T Ui .
hi o T
2 2\ — —
— 4+ — i = f(Uit12) — f(uizp),
hi—y h;
0<i<N.

(10)

In particular, the desired cell average numerical convective flux at the in-

. . ~ hioy f (ui— hi f (u;
terface cells of 7, and I; is obtained as &; = ‘i=/“ h'_/fl)j:h_‘f(“ +12) We

observe that this scheme does not contain any upwinding or artificial visco-
sity. Indeed, we have the following remark.

Remark 2 Due to the elimination of the trace of u, and of the ii, at the
boundaries of I;, the finite volume scheme obtained from (10) is:

n+1 n — — — —
h_ui—tl/2 —Wivip ; Uitz — Wit12  Uitlj2 — Ui-1/2
! At hl-Jr% hi—%
hivt fWisan) — fiv1)2) . ﬁ?(uiﬂ/z) — fui—1p) _ 0
2 hi-&—% hi—%
for 0 < i < N, and where hi+% = %(hi + hit1), hi_% = %(h,-,l + h;),

and u; 1/ is the unknown in interval ;.
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Remark 3 If we consider a spatial mesh with a constant step size, i.e.,
Xi+1 — X; = h, then the continuity equations for the diffusion flux become
A= %(ﬁzel/z + U;41/2), and for the convective flux )A»,- = %(7(ui+1/2) —
Fui_y /2)). First, observe that the trace of u between the neighboring cells
I;_1 and I; is the average value of u on adjacent sides. Second, one should
note that the Lagrange multiplier introduced to relax the continuity of py

across interelement boundaries can be rewritten as A; =~ ’Z or (“) |y, -

4.2 DMH2

Many finite volume schemes can be derived from the dual mixed and hybrid
finite element method 2 by using the same techniques as in the previous
section. First, we recall the equations which allow us to exhibit the expression
of the numerical scheme:

n+1 _
/ vhdx + —vhdx =0 Vv, € My,
Il

/ prqndx = / Fn) gndx + (v gn(x7) — hign(x))  Vau € Xu,
I,' ll'

for 0 < i < N. To these equations are added the jump conditions (RH). If
we use the trapezoidal quadrature formula, we get:

n+1
ui-tl/Z - ”?+1/2 ()»z+1 + i) _0
At h? '
2 2\ _ _ B B
— 4+ — i = fuiq12) — fWic12) —ai(@iz12 — ui—1y2),
hl 1 hz
0<i<N.

In particular, different convective fluxes for the left and right cells at the
interface x; are obtained:

4 — hioi f icin) +hif (is1p) 4 i1 Tostrs— T 1)
i hi_l +hl lhi_l +h1 i+1/2 i—1/2)
(11)
and
N hii f@iz12) + hi f (Wig1)2) hi _ _
+ _ . . — 1.
o = P +a; T (Wiv12 —Ui—172),

(12)
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for 0 < i < N.Itis important to note that the numerical fluxes used in the
FV methods at x; are our upstream fluxes F; = «; (we always assume that
a; > 0, 1.e., x; is the upstream boundary of [;). Then, we can generalize the
above formulation by taking an approach inspired by the upwind method
(see [59]). It consists in considering the values of the flux p, at x; as a
convex combination of the upstream fluxes p;(x;") and the downstream

fluxes py (x;") (P (x]) = &):

1
;ﬂﬁh( D)+ 2'313/1(16 ) ifa; >0,
pr(xi) = 1_p ny (13)
pn(x; )+ pnxt) ifa; <0,

2 2

where € [0, 1] is the upwinding parameter, with @; > 0 (resp. < 0) if x; is
the upstream (resp. downstream ) boundary of I;. Consequently, by means
of (13), we also obtain the local conservativity of the scheme. Then, we
replace, in each I, fl dbnyy, dx by (5~ 115 Pn(xyp) + 1 ph(x,H))vhlx T

(FEpn(x) + 53 ph<x+>>vh| + forall vy, € My
Remark 4 By again denoting the unknown in /; by u;,1,>, and using the

same notation as above, the general finite volume scheme obtained from the
association of (11), (12) and (13) with 8 = 1, is:

+1
”:'l+1/2 — Uiiip
hi At
hisi f(uizsp) — fizi)) hi f(uiv12) — fuizip)
1 + + —
2 hi+% 2 hi_%
hiu -, hi_iu; —Uu;
gy, ity Ty R B Z Uy g
2 h 2 h
it+% i-1

whereas the choice of 8 = 0 (as well as a; = 0) gives the centered scheme.

Remark 5 If we consider a spatial mesh with a constant step size, i.e., h =
Xi+1 — X;, thanks to the jump condition we can obtain

~ h| — — _ _
Ai = Z[(f(“i+l/2) — fwizip)) — aiQisrn — uil/2):|-

Hence, we can state that the Rankine-Hugoniot jump condition at x; is
recovered in the expression of the Lagrange multiplier.

Note that the elimination of the Lagrange parameter A implies the lack
of smoothing in the resulting finite volume scheme.
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Many choices of speed a; are possible. We can take

S Uic12 +HUig1)2
regtes)

a; =

as a local speed at x;, which suggests the following numerical flux for the
Burgers equation

g = MTin ¥ R T — =L @i — Tio12)
l 2(hi—1 + hy) ! hi |+ h; i+1/2 i—1/2)»

where it; = $(@;_1/2 + Wi412)-

We can also take ¢; = max(|f'(v)|) over all v between u;_;,» and
U412, and in the special case of convex flux f, this is further simplified:
a; = max(| f'(wi—12)|, | f'(i+12)]). This last choice results in Rusanov’s
method which is often called the local Lax-Friedrichs method (LLF). Ano-
ther related method is that of Murman, where a; is given at x; by

| f i) = Fuizip)

i =

Uip12 — Ui—1)2

Unlike the LLF scheme, solutions generated with this method may fail to
satisfy the entropy condition.

Many numerical fluxes are written in the form (11). See, for example, Le
Roux [47] or LeVeque [49,50]. Without loss of generality, we concentrate
only on a uniform spacial mesh, i.e., h = x;4; — x; (constant step size).
Below we show the relationships between the various choices of the local
speed a; and the standard finite volume schemes.

o The second-order central differencing scheme:

ai=0.

e The first-order upwind scheme:

fizip) — fuizip)

Uiy12 — Ui—1)2

ifuiy1p —ui1p #0,

a; =

3 f (u)
ou

otherwise.
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o Lax-Friedrichs scheme:

a; = max(|f (v)]),

where the maximum is taken over the whole region in whichu;_1 >, #;1,»
varies, i.e., in [infuo(x), sup uo(x)], where uo(x) is again the initial fun-
ction. In the linear case ( fu) = au), we recover the Lax-Friedrichs
scheme by setting a; = %.

o Lax-Wendroff scheme:

a="HE),

where

of (14)

& € I(ﬁi_l/z, ﬁi+1/2) and satisfies
fWiv10) — fiz12) = Wig12 — ﬁifl/Z)E(gi)-

o Godunov scheme:

ai =1 =) f'Eria) + v (Em1ya),
where y € [0, 1] is defined by ;11> = (1 — y)u; + yu;41, and
&ivia € I (U, uj112) and satisfies
{ fWiv12) — fu;) = Wig120 — ﬁi)%(fiﬂm)-

The value & /4 € I(u;—1/2,u;) is defined in an analogous way.
o Roe scheme:
a; = |ARU |a

where Ag, = Agr(u;-1,2,ui+1,2) is the Roe average, associated to the
Jacobian A of f.

¢ Engquist-Osher scheme:
The Engquist-Osher method takes the opposite approach to Godunov’s
method in which we always use the shock-wave solution to each Riemann
problem, and always assumes the solution is a “rarefaction wave”. This
can be accomplished by setting

Uit1/2 o
Z (Pn(x") — Prx)) e = Z —(/ ‘f’(v)\dv)u Yu € My,

i i ui—1/2

For the above schemes, see Le Roux [47] or LeVeque~ [49,50] and re-
ferences. In some forthcoming cases, the trial space (M) is chosen to
be different from the test space (My;), i.e., the Petrov-Galerkin DMH
formulation type.
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e Nessyahu-Tadmor (NT) scheme [55]:
Assume that we replace piecewise cell values by piecewise linear MUSCL-
type interpolants (My, = {up € L*(I); upl(y;xpy € P1(11),0 < i <
N }). Then at interface x;, we have left and right values from the two linear
approximations in each of the neighboring cells. Denote these values by
h

J— — —t —
ui = Mi—l/z —|— 5 O'[‘_l/z and Mi = ui+l/2 - 5 i+l/27

where o;_1/, and 0,1/, are the left and right slopes at cell boundary x;.

If we replace in the second term of the general form (11), u;_;,, and
;112 respectively by #; and u;” with a; = A%, this results in a second-
order, non-oscillatory central scheme introduced by Nessyahu and Tad-
mor in [55]:

6 — fiip) + fluivy)
' 2
or equivalently
a = flinip) + f Wiz &(ﬁwl/z —Ui_12) + h—al(0i+1/2 +0i_12)s
2 2 4

where the reconstruction is based on staggered grids. The numerical flux
is approximated by the second-order midpoint quadrature rule

- n+1/2
SWiv12) =~ f(uirl//Q)’
and the pointwise values at the half-time steps are evaluated by a Taylor

expansion (for details, see [55]).

e The 8 scheme [8]:
Here the trial space is M, and the left and right control volume boundary
states #; and ;" that are involved in Eq. (15), are computed by using
piecewise linear interpolation formulas:

h

S ), (15)

W =Tip+ g (= B)Fap + Biip). (16)
and
it =iin =5 (1= B+ BGin) 17

where f is an upwinding parameter that controls the combination of fully
upwind and centered slopes, and G;11,, = “*2==2 denotes the left
slope at cell boundary, x;/>.

The B scheme results from the combination of (15), (16) and (17), with
the speed at x; computed as a; = § | f (W) . Note that the role
of the parameter § is to minimize the dissipative error; for more details

see [8].
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e Kurganov-Levy scheme [42]:
In a similar way, we can consider u as a piecewise parabolic function here
(instead of the piecewise linear one, employed in the NT scheme), and
we define P; in each interval I;, by Pi(x) = A; + Bi(x — xj412) +
%Ci (x — x,-+]/2)2, where the values of A;, B; and C; are

w
Ai = uip1p — 1—2€(Mi+3/2 —2uit12 +ui—12),
1 Uip3/p — Ui—1/2
B; = Z[wr(ui+3/2—ui+1/2)+wc%+w1(ui+1/2—ui—1/2)],
Ui_12 — 2U; + u;
Co = w12 i+1/2 + Uip3)

) )
where the weights w,,hwc and w, (w; > 0Vi € {l,c,r}, and Zi w; = 1),
are defined in [42].

The left and right intermediate values u; and ul+ of u(x,t") at x; are
obtained as u; := P,_;(x;") and u;’ = P (xl.+). Therefore, a similar
approach leads to the third-order scheme

— S—— '
o = M—&(ﬁf—ﬁ,—),
l 2 2 L i

which is based on the reconstruction CWENO (the expression of the speed
a; at node x; is given in [42]).

We note that the class of schemes (11) has been studied in Le Roux [45,
46], where they are derived from finite difference methods. In particular, we
can find there the proof of the following result.

a

Theorem 6 Let M = sup { ‘a—f(u, X, 1) ‘ } be the uniform Lipschitz constant
u,x,t u

of f with respect to the variable u, and let the initial data ug be in the space

L*°(R) N BV;,(R). If the stability condition (CFL) M % < 1 is satisfied,
and if for all h > 0 the choice of the coefficients a; is such that

h
VieZ, Vn<N, |f'¢)| <a=<—.
At
is defined by (14), then the family of approached solutions {uy},-o contains
a subsequence in L }0 R x]0, T[) that converges to the weak solution u of

(5) where u € L*®(Rx]0, T[) N BV, (Rx]0, T]).

Note that the scheme with a local propagation speed a; = | f'(&;)| (see the
above theorem) can sometimes give weak solutions that fail to satisfy the
entropy condition (see [46]).
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5 Stabilization of scheme 1 with the flux-limiter method
A rigorous theoretical demonstration of TVD properties of the scheme, i.e.,

o
Z i — | < Z iy —uf

i=—00 i=—00

’

once we have applied the flux-limiter method, is delicate because the scheme
is vectorial and implicit. Nonetheless, we can use the following strategy to
stabilize the scheme.

We have seen the fact that imposing continuity to convective flux yields
a conservative central scheme and second-order spatial accuracy, but this
also where problems arise. Since continuity was imposed with a Lagrange
multiplier X, it is obvious that the flux must be controlled when necessary,
especially if we do not want the scheme to amplify extreme points of the
solution or to create new ones. What we now try to show is that the standard
flux limiter schemes correspond to a relaxation of the continuity properties of
the flux at interfaces, by imposing a constraint on the Lagrange multiplier. To
simplify recall Remark 3, where we observed that )A\,- = % Wip12—ui—12)
if weassume f(#) = au, a > 0(obviously, asimilar method can be defined
when a < 0).

This is so that we can write the numerical convective flux p, at the node
x;11 considered as downstream of the interval I;, as (as in Sect. 4, we use
the trapezoidal quadrature formula to diagonalize the local mass matrix),

Pit1 = fiv12) + git1,

in which g;1; = %)1,-“ is interpreted as an anti-diffusive flux, insuring
continuity of the convective flux at downstream. We have seen as well that
it approximates

hof W)
2 0x

Xi+1
and thus, from

/ dp dpn (/\z+1 + )

h; ’

it cancels the first-order error. In order to achieve a second-order accurate
scheme which satisfies the TVD condition, one needs to correct the flux.
In fact, it is necessary to limit the anti-diffusive flux. For this purpose, we
define in a classical way

gi+1 = B(git1, &)
where B is a function that satisfies the condition

B@r,r) =r.
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A standard choice is the minmod function

0 if r and s have opposite signs,
B(r,s) = y r if |r|<|s|] and r and s have the same sign,
s if |s|<|r] and r and s have the same sign.

Alternative flux limiter functions were studiedA by Roe [61] and
Sweby [67] using the ratio of consecutive gradients X,

A

g — it —Uicip Ai
i = =
Uit32 — Uit1)2 Aitl

Then one can set
B(gi+1, &) = ¢0:)8i+1,
where the function ¢ satisfies the symmetry condition

1
$(6) = 9«»(5)

o) = L.
If Xl'j\\.l'_t'_l < 0 or 6; < 0, we are in the presence of spurious oscillations
near u;. 1,2, and one takes g;+; = O or, if we want less diffusion, we set
B(git1,8) = (1—B)g + Bgi+1 (0 < o < 1isthe upwinding parameter).
For the flux limiter ®; = ¢ (6;), we choose the standard ones in the literature
(see Sect. 7), and we set g;1; = D;giy1.

and

5.1 Hybrid scheme

Along the same lines, we can define a novel scheme in two steps. This
hybrid scheme consists in combining two schemes of first- and second-
order accuracy. Hence, in smooth regions the high order scheme is used to
guarantee the maximum order of accuracy. However, in the presence of large
gradients or discontinuities, this reconstruction switches to one of the first-
order (the low order flux is favored). Finally, the procedure is as follows.
The passage from the solution u" at the time level t” = nAt to the solution
u"t! at the time level t"t' = (n 4+ 1)At, where At again designates the
time step, is made in two steps.

n+1/2 and

e First, we apply the upwind scheme. In particular, we obtain u
AL

e In the second and final step, we use the centered scheme, with w2 as
initial data. Here A! is preferred to A% when necessary (i.e., AjA; 1 < 0),
as explained above, and reciprocally. We denote the final solution by u”*!,

where we have used the notation:
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— 21 and AS are the resulting fluxes.

— A1 low order flux with the upwind scheme.

— 5: high order flux with the centered scheme.

The fact that the continuity of fluxes has been sacrified implies that the

conservativity of finite volume schemes is not as good as what is usually

stated. What is conserved is a modified flux, and not the flux itself.
Finally, it is important to observe that the fact of introducing the La-

grange multiplier to relax the continuity of p at the cell interfaces, is the

source of the following features.

Relationship with the finite volume method.

Local conservativity of the scheme.

Stabilization via the upwind and the flux limiter methods.

Advantage that no (approximate) Riemann solvers are required.

Discussion on DMH 2

The extension to a system of equations can be carried out with the aid of
Roe’s construction [62]. The local speed a; (u;—1/2, ti+1/2) (f(ui+1/2) —
fui—ipp) = ai(uiz12 — ui,l/z)), is replaced by the corresponding ma-
trices A(u,-,l /2, it1,2) (the Rankine-Hugoniot conditions are a system
of N equations). Here A is the matrix which approximates the Jacobian
matrix 0 f/du, and which satisfies

A(ui—l/Z, Uiv12)Wiz1y2, Uiv172) = fWivi2) — fuiz1y2),

with i being a N-component flux vector. Then, A(u i—1/2, Wit1/2) 1s expan-

ded in terms of the eigenvectors of A(u,»,l /2, Uit+1/2), and a contribution
to the dissipation term is formed by multiplying each eigenvector by a
coefficient with a magnitude not less than that of the corresponding ei-
genvalue. Shortly, we will replace a; (u; 1,2, u;1,2) by I'; | A; |I“l._1 , Where
|A| = I'|A|l"~; here, I" denotes the matrix of the right eigenvectors of A
and A the diagonal matrix of the eigenvalues of the system.

The extension to a convection-diffusion equation can be performed as
follows.

The idea is that the equation

u | I(fw)
R (18)

arises by assuming that the viscous term in the equation

u  I(fw)
&t T = Vi (19)
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is small, and then setting it to zero. It is well-known that the weak solution
of (18) with the initial condition

ut if x <0,

ux,0) = { wk if x>0

is the u (x —st) step function whose discontinuity propagates with speed s.

This solution is to be regarded as a solution of (18) provided the viscous

equation (19) has a traveling-solution u(x — st) with lini u(x) =
X—> o0

UR.L, Xinioo u'(x) = 0 (u((x —st)/v) converges to u(x —st) asv — 0,

the viscosity tends to zero), and the shock waves u(x — st) are limits of
traveling-wave solutions of (19) as v — 0 (the vanishing weak solution).
In other words, the solutions to the general initial value problem of the
viscous conservation laws converge, in the zero dissipation limit, as v
goes zero, to the solutions of the hyperbolic conservation laws. Further, we
recover, when v is near 0, the Rankine-Hugoniot jump condition f (u®) —
fhy —s@® —uty=0.

Consider now the convection-diffusion equation

du  I(Fw)

E—F o =0 Vxe Rx(0,+4+00),

where the general flux consists of convection and diffusion fluxes

Fu) = f(w) — vg—u.
X

If the trajectory of a shock X is determined by x(¢), we have at the limit
(v—0)

d
[Fw)] = slul, s = d—): is the shock speed,

where [u] = u(x(®)*, 1) — u(x(®)", 1), and [F(w)] = F(u(x@®)*, 1)) —
F(u(x(1)~, 1)) stand for the jumps of u and F (i) across the shock X.

Moreover, we set ﬁh = —v% + f(uy) (the general numerical flux),
and we have the discrete problem:
find

(I/lh(l‘),):(l)) € My, x Mzh, and ﬁh(l‘) e X
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such that:

8uh dﬁh
d —vpdx =0 Y, € My,
/; ar v,dx + ;/ll dx vpax vy 1h

A dqp
Py.g dx = vu, — dx +
‘/1 h-q,4x ;/,l i dx *

Z/ Sun)gndx — Z (hit1gn (X)) — Aign(x])) Yan € Xy,
I; fi

i

Z[ﬁh]ﬂh = Z a;[up] wn Yiup € Moy,

i

where again [ P,] = Ph+ — P, [uy] = u;[ — u,, , and a; denotes the appro-
ximation of the local speed at x;.

7 Numerical results

In this section, we use two one-dimensional model problems to test our
schemes numerically. The aim here is to show the feasibility of the methods.

Example 7 (Transport equation and propagation of singularities.) We solve
the model advection-diffusion equation

Uy + uy = V(ux)x’ 0 =x= 1,

subject to initial data u(x, 0) = u((x). Here, we consider the discontinuous
characteristic function, ug(x) = xo = IL.11111.0.4), With diffusion parame-
ter v = 107'(v — 0) and boundary conditions u(0,¢) = u(l,t) =
0.1. With such a piecewise constant initial condition, we can easily illu-
strate the dispersive and dissipative character of the many versions of the
scheme.

— In Figs. 1 and 2, the physical and numerical coefficients are chosen to be
those given in the table below.

| Figure [ Mesh points [ Iterations | CFL |

a 100 26 1/3
b 50 26 1/6
[ 75 13 172

— InFig. 1, we observe the good resolution of the computed solution. Note,
in particular, that for « = 1 the scheme is still compressive.
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a .. b.
o
oo 02 ol o8 L ox . o i
C
Fig. 1. Upwind scheme

a b
C
o

Fig. 2. Hybrid scheme

23
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— The results of the hybrid scheme are presented in Fig. 2, associated with
the implicit Euler method. It shows the possibility of using the flux-limiter
method as a stabilizer method, and also the efficiency of the scheme to
capture the discontinuities and shocks.

— InFigs.3,4,..., 10, the calculations were carried out on a uniform grid of
75 mesh points, with time step size chosen as CFL = 0.5 and 13 iterations.
The temporal approximation used is the implicit Euler method combined
with standard flux limiters. In the presence of spurious oscillations we use
two strategies to modify the “flux” A (shock or discontinuity detector):

abandoned continuity: we set ):,-H =0,
relaxed continuity: we set )ALiH = (- ,8)5” + ﬂiiﬂ.

Lastly, when we modify the flux A, only in presence of oscillations, we
refer to this process as local limiter. We can see the performance of the
flux-limiter method, which confirms our idea of using it as stabilizer me-
thod. The best results are now obtained for the “abandoned continuity”
choice, which have no spurious oscillations near the shock or disconti-
nuity.

Example 8 (Expansion of discontinuity and moving shock. ) In the following,
we want to test the validity of the stabilized schemes (upwinding and flux-
limiter methods) on the nonlinear equation. To achieve this, we approximate
solutions to the well-known one-dimensional Burgers equations.

2

u + <”7>x = vy, 0<x<1,

with the initial condition of u(x, 0) = u((x), and where

. 1 if 0.11111 <x <04
=101 otherwise
u(0,t) = 0.1, wu(l,t) = 0.1.

discontinuity plus shock wave =

The exact solution (v — 0) develops a rarefaction wave with a moving shock
with a velocity of u, = %, where u; and u g are the speed on both sides
of the shock front. For the numerical results, here and below, © = ALI
denotes the fixed mesh-ratio in the x-direction. This test case contains both
expansion of discontinuity and propagation of shock. We observe that the
scheme is able to capture the moving discontinuity with a few transition
points, and gives a particularly good representation of the rarefaction wave
(in both stages of the developed rarefaction wave), once we take into account
the simplicity and efficiency offered by our scheme.
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Fig. 3. Flux-limiter: Van Leer relaxed conti-
nuity, 8 = 5/7
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Fig. 5. Flux-limiter: Chakravarty relaxed
continuity, 8 = 5/7

00 02 03 05 07 08 10

Fig. 7. Flux-limiter: Van Leer abandoned
continuity
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Fig. 4. Flux-limiter: minmod relaxed conti-
nuity, 8 = 5/7
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Fig. 6. Flux-limiter: local relaxed continuity,

B =5/7
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Fig. 8. Flux-limiter: minmod abandoned
continuity
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Fig. 9. Flux-limiter: Chakravarty abandoned  Fig. 10. Flux-limiter: local abandoned con-
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Fig. 11. Upwind scheme, Burgers @ =  Fig. 12. Upwind scheme, Burgers © =
0.1, h = 0.01, 100 iterations 0.5, h = 0.01, 20 iterations
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Fig. 13. Upwind scheme, Burgers @ = Fig. 14. Upwind scheme, Burgers 1 =

0.5, h = 0.02, 75 iterations 0.5, = 0.01, 150 iterations
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Fig. 15. Flux-limiter Van Leer, abandoned  Fig. 16. Flux-limiter local limiter, abando-
continuity, same parameters as Fig. 14 ned continuity, same parameters as Fig. 14
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